Abstract: Fibre lasers are light sources that are synonymous with stability. They can give rise to highly coherent continuous-wave radiation, or a stable train of mode locked pulses with well-defined characteristics. However, they can also exhibit an exceedingly diverse range of nonlinear operational regimes spanning a multi-dimensional parameter space. The complex nature of the dynamics poses significant challenges in the theoretical and experimental studies of such systems. Here, we demonstrate how the real-time experimental methodology of spatio-temporal dynamics can be used to unambiguously identify and discern between such highly complex lasing regimes. This two-dimensional representation of laser intensity allows the identification and tracking of individual features embedded in the radiation as they make round-trip circulations inside the cavity. The salient features of this methodology are highlighted by its application to the case of Raman fibre lasers and a partially mode locked ring fibre laser operating in the normal dispersion regime.
Introduction
Fiber lasers are systems capable of exhibiting nonlinear dynamics over a staggering array of operational regimes spanning a multi-dimensional parameter space [1] .
The complete characterization of a fibre laser over this whole space is a daunting task, especially when the regime of operation can become highly dynamic or chaotic, and the typical time scales of evolution are of the order of the laser cavity round trip time, or even less. Such dynamics can manifest themselves in the form of soliton rains [2, 3] and molecules [4] , soliton explosions [5] [6] [7] , optical turbulence [8] [9] [10] [11] [12] [13] [14] [15] and rogue waves [16] [17] [18] [19] [20] [21] . An understanding of such dynamic regimes is of interest from both an academic and experimental perspective, as one would like to ensure stable operation and avoid excursions between operational regimes.
The inherent complexity of such systems do not always facilitate a direct theoretical or numerical investigation. An experimental characterization of such regimes is thus highly desirable-but herein lies the challenge. While the typical evolutionary time scales can be anywhere between a few hundred nanoseconds for metre long cavities, to microseconds for kilometre long cavities, conventionally used experimental devices like grating based optical spectrum analyzers (OSAs) or radio frequency (RF) analyzers average several times over this time scale as they have very slow acquisition rates (<10 2 Hz). Pulse characterization devices like autocorrelators or Frequency Resolved Optical Gating (FROG) [22] apparatuses operate under the apriori assumption that the laser operates in a stationary state, and thus present an averaged picture of the underlying dynamic. Single shot equivalents of the FROG devices do exist [23] , but they again are limited by the data acquisition rates of the CCD sensors to kilohertz orders. The complexity is increased further, depending on the operational regime of the laser (continuous wave, quasi-continuous wave, or pulsed). Thus, recent times have seen in a growing interest in real-time measurement methodologies for the characterization of such dynamical systems [24] [25] [26] [27] . Here, the terminology real-time is used to emphasize that the methods are capable of resolving the evolutionary behaviour of the operational regime.
In this paper, the experimental methodology of spatio-temporal dynamics is presented as a way for the unambiguous identification of lasing regimes in fibre lasers. In this method, the intensity evolution in the fibre laser is traced as it makes round trip circulations within the laser cavity. Employing state of the art, high bandwidth real-time digital storage oscilloscopes (DSOs), it is shown how long term records of one-dimensional intensity vs. time information can be used to experimentally arrive at a round-trip resolved two-dimensional intensity domain representation for laser dynamics. The strength of the technique lies in the fact that it is not limited to mode locked lasers, and can also be used for the characterization of continuous and quasi-continuous wave sources. The organization of the paper is as follows. Section 2 details the principle and experimental aspects of the spatio-temporal methodology. The methodology is then applied in the study of Raman fibre lasers (Section 3.1) and partially mode locked fibre lasers (Section 3.2), highlighting its strengths and salient features in the process.
Experimental Section

Principle
The availability of state of the art DSOs allow the continuous observation and record of laser intensity dynamics over time scales ranging from a few hundreds to thousands of round trips. Such long-term intensity variation records have proven to be very fruitful in the statistical studies of laser emission (see for example [13, [28] [29] [30] [31] ). More importantly, the records would also reveal coherent features such as mode locked pulses, which would appear periodically at the output port of the laser after making round trip circulations inside the cavity. In this case, one can select temporal segments along the intensity dynamics centered about consecutive re-occurrences of these features, and stack them one atop another. The resulting two-dimensional representation then depicts the intensity evolution of the feature of interest as it makes successive round trips within the cavity. The temporal co-ordinate along each segment takes the notion of a temporal co-ordinate in the rest frame of the feature. Successive segments describe the evolution of the feature as it travels over a physical length along the cavity. Hence the round trip number N takes the notion of a spatial co-ordinate. Indeed, it can be rescaled into appropriate distance units N × L (or N × 2L, for a Fabry Perot configuration), where L is the physical length of the cavity. Thus, this temporally segmented and collated representation of one-dimensional intensity dynamics is called the spatio-temporal evolution of laser intensity, or simply, spatio-temporal dynamics [32, 33] (also see Supplementary, [33] ). In a broader context, spatio-temporal representations of intensity dynamics have been employed in describing the dynamic behaviour of semiconductor lasers [34, 35] including vertical cavity surface emitting lasers [36, 37] , transverse pattern formation in various lasers and parametric oscillators [38, 39] , in the study of multimode instabilities [40] [41] [42] , including those observed in high power fibre lasers [43, 44] and in the influence of stimulated Brillouin scattering [45, 46] . Spatio-temporal representations of intensity evolution have also been routinely used in the numerical modelling of various kinds of fibre-based light sources [47] [48] [49] . From an experimental perspective, intensity evolution has been represented in similar two dimensional forms as in the study of inter-pulse interactions in multi-soliton fibre lasers [50, 51] , ultraweak soliton interaction via the transverse Brillouin effect [52] , and in the study of phase bits in a driven semiconductor laser [24] . Here, we extend this concept to the study of quasi-continuous wave and partially mode locked fibre lasers.
The methodology for arriving at the spatio-temporal dynamics is as follows. Say the laser radiation consists of features which move with a characteristic round trip time τ RT and survive over multiple round cavity passes (Figure 1a) . These features would then appear periodically at the output of the laser at intervals of the time τ RT . Such a train of pulses can be represented mathematically as The periodic interval between the peaks gives the round trip time τ RT ; (c) The spatio-temporal dynamics, describing evolution of the pulse features. Horizontal co-ordinate-temporal, vertical co-ordinate-spatial.
where S(t) gives the shape of the pulse, I 0 the peak intensity, τ RT the round trip periodicity of the pulse, T is an integer indicating the round trip number, and '⊗' indicates a convolution operation. An estimate of the round trip time τ RT can be obtained by calculating the autocorrelation function (ACF) K(τ) of I(t):
where τ is defined as the delay coefficient, which defines the relative overlap of the function I(τ ) and its copy I(τ + τ). The value of the ACF increases over an average level at the periodic intervals corresponding to the round trip time of the features, as the overlap between the functions are maximized. Particularly, the ACF would peak at a mean round trip time interval τ RT (Figure 1b) . It can be shown that the ACF can be mathematically expressed as
That is, the ACF periodically peaks at intervals of the round trip time τ RT , where each peak is convolved with the autocorrelation of the peak shape function S(t). Thus, the round trip time for a coherent feature of interest can be determined by simply noting the separation between the peaks generated by it in the ACF. It is desirable to perform the autocorrelation over a large number of round trips, as this would average out any uncorrelated noise and help reveal weak periodicities.
The value of τ RT can now be used to select windows of intensity dynamics occuring at round trip intervals (Figure 1c ), arriving at a two dimensional representation of intensity evolution I(t, T), where T now takes the notion of an evolution co-ordinate. Figure 1c then essentially presents the intensity evolution of the pulse, as observed in its rest frame, whilst it makes round trip circulations within the cavity.
Experimental Considerations
Ideally when performing spatio-temporal measurements for fibre lasers, one would like to make real-time observations of the laser dynamics over time scales several times over the characteristic round trip time period τ RT , while simultaneously maintaining a high temporal resolution along the instantaneous temporal co-ordinate t. However, several technical aspects limit high bandwidth measurements of spatio-temporal dynamics over laboratory time scales. These can be summarized as follows.
As the output characteristics are typically measured at one point along the cavity, the temporal resolution along the evolution co-ordinate is limited to the cavity round trip time. The resolution of small scale features in the spatio-temporal dynamics depends on the combined electrical bandwidth of the photodetector-oscilloscope (PD-DSO) combination. An estimate of the requisite resolution can be obtained using the value of the transform limited pulse width corresponding to the spectral width of emission. For example, for sech 2 -like pulses corresponding to a spectral emission of width ∆λ, the transform limited pulse width ∆t is given via the relation
where c is the velocity of light in vacuum. Thus, the electrical bandwidth must be at least 1/∆t to resolve such features. The optimal temporal resolution can also be determined by performing a second harmonic generation based intensity autocorrelation measurement, which would give a statistical estimate of the scale of small features present in the radiation [53] [54] [55] . This bandwidth condition can be relaxed when one is more interested in the dynamics of interaction between the different components of radiation than their internal structures. The shortest laser that can be investigated using the spatio-temporal methodology is limited by the finite time domain impulse response function of the PD-DSO combination. If the rise time (t R ) PD of the photodetector is known, the full-width at half maximum of the impulse response can be given as
A similar expression can also be arrived at for the impulse response of the DSO, in which case the FWHM of the impulse response of the PD-DSO combination can be obtained to be
For example, if the photodetector has a cut-off frequency of 60 GHz, and the oscilloscope has a cut-off of 33 GHz, Equation (6) gives t FW HM = 10.75 ps. For adequate resolution of the spatio-temporal features, the round trip time of the laser should be several times this width.
The longest laser that can be investigated is limited by the memory of the oscilloscope. The total number of round trips that can be observed depends on the round trip time τ RT of the cavity, the sampling resolution δt of the oscilloscope, and the total number of data points M tot that can be recorded in a single sweep. These values are related via the expression
For example, the spatio-temporal evolution in a 375 km long linear cavity based laser can be investigated over N = 10 round trips, using a 33 GHz oscilloscope with a memory of 3 × 10 9 points and performing a time sampling δt = 12.5 ps.
Results
The following sections present the results of application of the spatio-temporal methodology for the case of quasi-CW Raman fibre lasers [32, [56] [57] [58] [59] (Section 3.1), and partially mode locked fibre lasers [33, 54, 60] (Section 3.2). It is shown how the use of the spatio-temporal methodology helps in the unambiguous identification and discernment between the staggering diversity of lasing regimes in both systems, highlighting the relevance of identification of lasing regimes on the basis of their spatio-temporal dynamics rather than one-dimensional temporal variations of intensity alone.
Spatio-Temporal Dynamics of Raman Fibre Lasers
Raman fibre lasers are wavelength versatile, high efficiency fibre lasers capable of generating watt order output powers. They find applications in the distributed amplification of optical signals for telecommunications [56, 61] , secure key communications [62] , and even as astronomical guide stars [63] . They operate via the gain obtained via the Stimulated Raman scattering mechanism in optical fibres, doing away the need of doped fibres and simplifying device construction. However, the relatively low value of the gain in comparison to that obtained with rare earth doped gain media require the use of higher pump powers and longer lengths for achieving the lasing threshold. The length of such fibre lasers can hence be anywhere from a few hundred meters, to hundreds of kilometres [58] . The long lengths lead to extremely high mode densities, which together with the higher intracavity powers, lead to nonlinear interactions between them. These interactions can be described in the framework of weak wave turbulence [9, 10] , and hence Raman fibre lasers are considered to give rise to turbulent generation. The turbulent nature of interaction gives rise to a plethora of lasing regimes, which are further diversified by the available variation in dispersion, nonlinearity, and grating parameters (see for example, [64] ). While such turbulent lasing regimes have been been discerned on the basis of their experimentally measured intensity probability distribution functions [15, 19, 31] , these are ensemble-averaged representations of the underlying dynamics. The identification and classification of such lasing regimes in a Raman fibre laser is thus a challenging task, given the multi-parameter nature of the operational space.
The intensity output of Raman fibre lasers can be characterized by a mean intensity level, arising from the average contribution of all the longitudinal modes. Yet, owing to the turbulent nature of the interaction between the modes, the intensity fluctuates seemingly stochastically about this mean level. This quasi-continuous wave nature of Raman fibre lasers makes it particularly hard to discern the operational regimes from the temporal domain alone. Figure 2a shows the time domain variations in intensity from a linear cavity configuration based Raman fibre laser operating in the normal dispersion regime D = −44 ps/nm/km). The laser comprises of a 770 m long fibre span, encapsulated at both ends by highly reflecting fibre Bragg gratings (FBG), with 1 nm spectral width centred at 1550 nm. The laser is pumped with a watt-order pump source centred at 1450 nm, and lasing near 1550 nm is obtained via SRS gain. The observed time dynamics appear to be highly stochastic, characterized by a mean level over long time scales (∼µs), while exhibiting very fast fluctuations with seemingly no correlation over short time scales (∼ns), Figure 2b . An application of the spatio-temporal methodology as described in the previous section then clearly reveals the underlying turbulent dynamics, Figure 2c . The spatio-temporal dynamics are composed of intensity undulations, striated by several dark features that frequently intersect with each other. These correspond to the dips in the intensity dynamics of Figure 2a ,b, and are dark solitons [32] , which survive over time scales of tens of round trips. The differing inclinations of these features are indicative of the differences in their velocities. It must be mentioned that in most of the above cases, the intensity dips are just resolved by the measuring apparatus (i.e., sampled by just one data point), and it is in fact the spatio-temporal methodology that reveals the true nature of these features, which would have otherwise been misinterpreted as noise. The spatio-temporal methodology offers a unique tool to identify and distinguish between the staggering diversity of operational regimes exhibited by Raman lasers [65] . For example, Figure 3 shows some of the operational regimes exhibited by a 1 km long Raman fibre laser operating in the normal dispersion in a linear cavity configuration similar as above, obtained at different pump powers. Figure 3a depicts a regime obtained for a pump power P p = 1.5 W. Here, the laser can be thought to be operating in a partially harmonic-mode locked regime, giving rise to a periodic train of nanosecond order pulses, with a repetition period shorter than the average round trip time. These pulses in turn are criss-crossed by dark coherent features that undergo round-trip circulations, and survive over time scales of several tens of round trips. Upon increasing the pump power to P p = 2.0 W, Figure 3b , the operational regime transfers to a noisy one, resulting in the generation of bright coherent features surviving over time scales of 40-50 round trips, much longer than the typical nonlinear length. Increasing the pump power P p to 3.0 W (Figure 3c ) results in the narrowing of the above coherent features along both the temporal and spatial co-ordinates. A further increase of pump power to P p = 3.25 W (Figure 3d ) results in a drastic transition of the operational regime to one comprising of picosecond order pulses that survive over time scales as large as 200 to 300 times the characteristic round trip time period. It is speculated that at this pump power level, the gain in the cavity becomes high enough to support the formation of parabolic pulses, and is currently being studied.
As the spatio-temporal dynamics allows one to track the evolution of particular features of interest, they are particularly well suited in the study of the rogue wave formation in such system. It was shown theoretically [19, 57, 66] and experimentally [31] that Raman fibre lasers including random fibre lasers can exhibit such rare, short lived, high intensity events, facilitated by the underlying turbulent four wave mixing dynamics. The polarized nature of rogue events have been reported in numerical solutions of the Manakov system of Schrödinger equations [67] , and in the vector Ginzburg Landau model simulations of the Raman fibre laser [68] . This aspect can be verified by obtaining polarization diverse spatio-temporal dynamics of the Raman laser. Here, the output from the Raman fibre laser is fed to a polarization beam splitter that resolves the incoming radiation along two orthogonal polarizations. The resulting outputs are then measured simultaneously using a multi-channel DSO. The differences in the lengths of the arms of the beam splitter then are compensated off-line to arrive at the time-aligned polarization spatio-temporal dynamics of the Raman fibre laser. Figure 4a shows an instance of such measurements, where the intensity has been normalized to the mean intensity level. Short lived rogue events as high as 12 times the mean level are observed. Also, these events exhibit a high degree of linear polarization, as evidenced by the extinction ratio of the signals arriving from the two arms of the beam splitter. Figure 4b and c are the corresponding polarization resolved spatio-temporal dynamics, which trace the formation and evolution of this rogue event over the time scale of tens of round trips. The striations (which are complementary in orthogonal polarizations) arise from period doubling dynamics-a phenomenon yet to be explored. The spatio-temporal dynamics of Raman fibre lasers in lieu of simple one dimensional intensity variations thus reveals a lot more information about the underlying dynamics, as evidenced in the above the above experimental configuraton. The spatio-temporal dynamics clearly reveals the extent of variation exhibited by the laser, ranging from partial mode locking regimes, to purely stochastic generation of short lived features, and eventually, the probable generation of parabolic pulses. These features would have been very difficult to observe and interpret using conventional measurement methodologies, especially given the non-stationary nature of generation in all of the above cases.
Spatio-Temporal Dynamics of Partially Mode Locked Fibre Lasers
The spatio-temporal methodology is not limited to Raman fibre lasers, and can be extended to other varieties of lasers. Of particular interest is the study of long and ultralong mode locked fibre lasers. There is constant effort to construct mode locked fibre lasers that can produce shorter pulses (∼fs) at higher energies (>nJ or more). Considerable progress has been made in this regard, particularly with the development of normal dispersion fibre lasers [69] [70] [71] . The stretched pulse operation, together with increased cavity length [60, 72] , helps in realization of pulse energies much higher than conventional soliton based mode locked lasers. However, higher pulse energies bring about additional nonlinear interactions, resulting in dispersive wave generation [73, 74] , pulse break up and formation of noisy pulses [75] , and even generation of rogue waves [76] [77] [78] [79] . The intrinsic variability of the mode locked regimes gives rise to further diversity of outputs [80] . Such fibre lasers, wherein mode-locked pulses co-exist with highly transient radiation components, embedded in a sea of dispersive waves are said to operate in a partially mode locked regime [33] . Here, it is shown how the spatio-temporal methodology can be applied to lasers exhibiting such complex mode locked regimes.
The laser used in the experiment is a 1 km long ring fibre laser operating in the normal dispersion regime (D = −44 ps nm −1 km −1 ) employing Erbium gain [33] . The laser exhibits a staggering diversity of operational regimes, which can be accessed simply by adjusting the polarization controllers along its cavity. While these regimes exhibit stationary behaviour over long time scales, characterized by a well defined periodicity and without any pulse-drop outs, the pulses themselves exhibit seemingly non-stationary behaviour (Figure 5a,b) , making it difficult to determine whether there is significant coherence in the pulse characteristics from shot to shot, or if the laser actually hops from one lasing regime to another. The result of the application of the spatio-temporal methodology to the time dynamics is shown in Figure 5c . Firstly, it is confirmed that the laser operates in one lasing regime, which is characterized by a well defined intensity evolution over round trips. Secondly, the spatio-temporal dynamics reveal that the noise like features observed riding the one dimensional intensity dynamics of Figure 5a ,b actually correspond to bright and dark features that survive and evolve over time scales ranging from tens to several hundred round trips. Figure 6 shows a small subset of the vastly diverse spatio-temporal regimes of the fibre laser. These were accessed just by controlling the polarization controllers for a fixed pump power. The regimes range from stationary ones, wherein the average pulse characteristics remain fairly constant from pulse to pulse (Figure 6a )-to those exhibiting more complex breathing dynamics, where the pulse characteristics evolve with a well defined periodicity along the evolution co-ordinate (Figure 6b) . Regimes where the pulse interacts extensively with the background are also spotted ( Figure 6c , and also Figure 5c ). Figure 6d shows a highly chaotic spatio-temporal regime, with features much similar to puffs observed in turbulent fluid dynamics [81] . The observed diversity clearly highlights the advantage of identifying lasing regimes based on their two-dimensional spatio-temporal dynamics, rather than the simple one-dimensional intensity dynamics. As observed in Figure 5 , the spatio-temporal regimes are composed of an exceeding diversity of features moving with different velocities. By choosing the right value of the round trip time τ RT , one can then arrive at the rest frame of the particular feature of interest. A background-subtracted autocorrelation based analysis was proposed in [33] for the identification of the constituents of radiation and their respective rest frames. However, the exact temporal location of the underlying features along the recorded intensity dynamics remains inaccessible in such an approach. Alternatively, one can locate a region of interest in the spatio-temporal dynamics and analyze its content. For example, Figure 7 shows the application of a cross correlation methodology to arrive at a characteristic round trip time for the background features of Figure 5c . In this approach, an arbitrary time slice I(t, T) T=T 1 centred around a feature of interest is cross correlated with another time slice I(t, T) T=T 2 . The existence of a positive correlation for T 1 = T 2 then indicates the possible existence of coherent features, and the shift of the peak away from the zero-lag position, ∆τ peak , indicates a difference in its group velocity from that used to obtain the spatio-temporal dynamics I(t,T) itself. One such instance is shown in Figure 7b , where T 1 = 500. The difference in the round trip time can then be simply calculated as
Cross-correlation based analysis for revealing the constituents of radiation-(a) Spatio-temporal dynamics I(t, T) of the background region between the pulses for the regime of Figure 5c ; (b) Cross correlation of intensity dynamics, κ(τ, T 2 ) T 1 = I(t, T 1 )I(t + τ, T 2 ) . Here T 1 is chosen to be the 500th round trip of Figure 7 (a); (c) Close up of cross correlation matrix κ(τ, T 2 ) T 1 . The peak progressively shifting with T 2 indicates the possible existence of coherent features moving with a distinct velocity; and (d) the spatio-temporal dynamics of the background corresponding to its rest frame, revealing the existence of dark solitons. Figure 7c shows the cross correlation function carried out for a range of values of T 2 . The shift of the peak of the cross correlation function away from T 2 = T 1 indicates the existence of features which have a velocity different from that of the rest frame of Figure 7a . The spatio-temporal dynamics corresponding to the rest frame of these features is shown in Figure 7d . This reveals the existence of dark features in the background, which move with their own characteristic velocity. Note that the existence of such dark coherent features have been earlier reported in numerical simulations of similar ultralong mode locked fibre lasers, and have been confirmed to be dark solitons [82] . Note that the difference in velocity between the pulse and these background dark solitons are of the order of ∆τ RT τ RT ∼ 10 −6 . While the existence of with features differing in periodicity by this order of magnitude would be barely revealed by conventional RF analyzers, the spatio-temporal dynamics can confirm their existence, even if they are exceedingly intermittent, and even if they last over time scales of only a few round trips. Figure 8 shows how the dark solitons interact with the pulse. The dark solitons move faster than the pulse, as evidenced by their relative inclinations in Figure 8a . Upon meeting up with the pulse, a signficant number of dark solitons decelerate and get trapped at the edge of the pulse for a significant duration, propagating with the same speed as that of the pulse edge, after which they seemingly accelerate away from the pulse, as seen in Figure 8b . Many dark solitons are also seen to cross over the pulse envelop and move away from the pulse. Such complex interactions between the pulse and background are impossible to infer from conventional one-dimensional intensity domain dynamics, and indeed, to the best of the knowledge of the authors, such interactions were observed directly in experiment for the first time using the spatio-temporal methodology [33] . 
Discussion
In this paper, the methodology of spatio-temporal dynamics has been proposed as a way for the unambiguous identification of lasing regimes in fibre lasers. The strength of the technique lies in the fact that it is not limited to fibre lasers, and it can be used for the characterization of a wide variety of continuous and quasi-continuous wave lasers, or even passive or driven cavity systems, as has been recently demonstrated in the bunching of cavity solitons via forward Brillouin Scattering [83] . The availability of an evolution co-ordinate facilitates higher order analysis, for example in the calculation of two-dimensional autocorrelation functions for estimating the life-time of coherent features [65] . The real-time approach of acquiring very long traces allows the observation of highly transient events like rogue waves and their evolution with round-trip time accuracy, which would otherwise be missed by conventional measurement methodologies. Indeed, when used in conjunction with real-time spectral measurements like the Dispersive Fourier Transform [79, 84, 85] , it can provide a time-aligned spatio-and spectro-temporal characterization of such transient regimes-a feat which has remained possible only in numerical simulations [20, 47, 86] . While technical factors currently limit temporal resolution, laser dimensions, etc., these are more a limitation of the state of the art of the back-end devices used. A diverse variety of fibre lasers have been experimentally demonstrated thus far in the literature, but most of the reported research focuses on their stable regimes. The spatio-temporal methodology proposed above would allow a deeper understanding of such highly nonlinear lasing regimes, the transition dynamics between them, and more importantly, their formation process in itself.
